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Submanifold geometry of contact 3-manifolds
(Jun-ichi Inoguchi)
Department of Mathematical Sciences,
Yamagata University
The purpose of this paper is to report recent progress in geometry of submanifolds
in 3-dimensional homogeneous contact manifolds equipped with invariant Riemannian
metric. Particular attentions are paid for the following ambient spaces: the unit 3-
sphere $\mathbb{S}^{3}$ , the real special linear group $SL_{2}\mathbb{R}$ , the Heisenberg group $Ni1_{3}$ and the model
space $So1_{3}$ of solvgeometry in the sense of Thurston. We also study $SL_{2}\mathbb{R}$ equipped
with invariant Lorenztian metric of constant curvature $-1$ (The resulting Lorentzian
3-manifold is identified with anti de Sitter -spacetime). More precisely, we discuss (1)
loop group method for minimal surfaces in $\mathbb{S}^{3}$ and maximal surfaces in anti de Sitter
spacetime $AdS_{3},$ (2) timelike flat surfaces in $SL_{2}\mathbb{R}$ and $AdS_{3},$ (3) loop group method
for minimal surfaces in $Ni1_{3},$ (4) integral representation formula for minimal surfaces in
$So1_{3},$ (5) slant curves in $Ni1_{3},$ $\mathbb{S}^{3},$ $SL_{2}\mathbb{R}$ as well as the Berger 3-sphere.









$*1$ 2010 10 8 $2010_{\lrcorner}$ ( 2010 10 8 $B,$ $3$
1,2) $III_{\lrcorner}$ ( 2010 12 19 $B$ , 3 de Sitter
”)
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1 3
$M^{3}(c)$ 3 $c$ $c$ (space
form) $M^{3}(c)$ :
. $c>0$ : $\mathbb{S}^{3}(c)$ ,. $c=0$ : $\mathbb{E}^{3},$. $c<0$ : $*$ 2 $\mathbb{H}^{3}(-c^{2})$ .
2 $M$ $M^{3}(c)$ $($rank$(df)=2$ ) $M^{3}(c)$
$f$ : $Marrow M^{3}(c)$
$\bullet$ $I=\langle df,$ $df\rangle$
$\bullet$ II $=-\langle df,$ $dn\rangle$ $n$. $H=$ tr( $I^{-1}$ II)/2. $z$ $Qdz^{2}=\langle f_{zz},$ $n\rangle dz^{2}$ $M$
2 Hopf
M3(C) $\langle$ ., $\cdot$ $\rangle$ 2
(Gauss ) $u_{z\overline{z}}+ \frac{1}{2}(H^{2}+c)e^{u}-2|Q|^{2}e^{-u}=0,$
$($Codazzi $)$ $Q_{\overline{z}}=e^{u}H_{z}/2.$
(Codazzi)
1.1 $H$ $\Leftrightarrow Q$ $Qdz^{2}$ 2
$H$ $Q$ $Q\mapsto Q_{\lambda}:=\lambda^{-1}Q,$ $($ $|\lambda|=1)$
$u_{z\overline{z}}+ \frac{1}{2}(H^{2}+c)e^{u}-2|Q|^{2}e^{-u}=0$
$|Q_{\lambda}|^{2}=|Q|^{2}$
$(u, H, Q)$ $(u, H, Q_{\lambda})$
1.1 (Bonnet, 1867) $f$ : $Marrow M^{3}(c)$




$Q\neq 0$ ( ) $Q=$ $\neq 0$ $z$
( $H\geq 0$ ):
$\bullet$ $u_{z\overline{z}}+(H^{2}+c)\sinh u=0(H^{2}+c>0$ $)$ ,
$\bullet$ $u_{z\overline{z}}-e^{-u}=0$ $(H^{2}+c=0$ $)$ ,
$\bullet$ $u_{z\overline{z}}+(H^{2}+c)\cosh u=0(H^{2}+c<0$ $)$ .
$(H=0$ $)$
. $\mathbb{S}^{3}(1)$ $\sinh$-Gordon $u_{z\overline{z}}+\sinh u=0.$
$\bullet$
$E^{3}$ Liouville $u_{z\overline{z}}-e^{-u}=0.$
$\bullet$ $\mathbb{H}^{3}(-1)$ $\cosh$-Gordon $u_{z\overline{z}}-\cosh u=0.$
1.2 $H$ $f:Marrow M^{3}(c)$ $M^{3}(\tilde{c})$
$\tilde{f}:D\subset Marrow M^{3}(\tilde{c})$ $H^{2}+c=\tilde{H}^{2}+$ $D$
$M$ $f$ $(M, f)$ Lawson
( ) $M$ $(D, z)$ $u_{z2}+ \frac{1}{2}(H^{2}+c)e^{u}-$
$2|Q|^{2}e^{-u}=0$ $D$ $\tilde{I}=e^{u}dzd\overline{z},\tilde{H}$ $H^{2}+c=H^{2}+\tilde{c}$ $Q=Q$
$(I, \tilde{H},\tilde{Q}dz^{2})$ $(i,\tilde{H},\tilde{Q}dz^{2})$ $(M, f)$
( ) $\tilde{f}$ $\blacksquare$






$\triangle u:=u_{xx}+u_{yy}=0$ ( )




$z$ $f(z)$ $\overline{z}$ $g(\overline{z})$ $f_{\overline{z}}=0$
$f$ $g_{z}=0$ $g$ $u$ $g(\overline{z})=\overline{f}(\overline{z})$
$u$ $f$ (real part) $f_{\overline{z}}=0$ $f$
2.1 $\mathbb{R}^{2}$ $D$ $u(x, y)$ $D$ $f(z)$
$u=(f(z)+\overline{f}(\overline{z}))/2$
$\mathbb{E}^{3}$






$\mathbb{S}^{3}:=\mathbb{S}^{3}(1)$ $SU_{2}$ 1 (Killing metric)
$\mathbb{S}^{3}$ $M$ $\mathbb{S}^{3}$ (conformal
immersion) $M$ $n$ $\mathbb{S}^{3}=SU_{2}$
$g:=f^{-1}n$ $g$ $\mathbb{E}^{3}=\mathfrak{s}u_{2}$ $\mathbb{S}^{2}$
$f$ (normal Gauss map)
2.2 (Ruh-Vilms ) $f:Marrow \mathbb{S}^{3}(1)=SU_{2}$
$g:=f^{-1}n$ $\mathbb{S}^{2}$ (harmonic map)
2
















$\mathbb{D}$ $\mathbb{C}$ $\psi$ : $\mathbb{D}arrow SU_{2}/U_{1}$ $\Psi$ : $\mathbb{D}arrow SU_{2}$
$\Psi$ $\psi$ frame( )
$\alpha=\Psi^{-1}d\Psi$ $\alpha$ $\epsilon u_{2}$ 1 $\alpha$
$d\alpha+\frac{1}{2}[\alpha\wedge\alpha]=0$
(Maurer-Cartan ). $\alpha$ $d\Psi=\Psi\alpha$
$\Psi:\mathbb{D}arrow SU_{2}$ ( )
$A:=d+\alpha$ $\mathbb{D}\cross SU_{2}$ (
$)$ $A$ field strengh( ) $F_{A}$
$F_{A}= d\alpha+\frac{1}{2}[\alpha\wedge\alpha]$
Maurer-Cartan $A=d+\alpha$ (flat, )
$\alpha$ $\alpha=\alpha_{0}+\alpha_{1}$ $\alpha_{0}$ $\alpha_{1}$
$\epsilon u_{2}$ $\epsilon u_{2}=u_{1}\oplus \mathfrak{p}$
$(\mathfrak{p}$
$\mathbb{S}^{2}$
$)$ . $\alpha_{1}=\alpha_{1}’+\alpha_{1}"$ $\alpha_{1}’$ $dz$ $\alpha_{1}"$ $d\overline{z}$
$\psi$




$\epsilon u(2)$ 1 $\alpha$ $\mathbb{D}\cross SU_{2}$






$\psi$ : $\mathbb{D}arrow SU_{2}/U_{1}$ 1 $\alpha$ $\lambda\in \mathbb{S}^{1}\subset \mathbb{C}$
$\alpha_{\lambda}:=\alpha_{0}+\lambda^{-1}\alpha_{1}’+\lambda\alpha_{1}", \lambda\in \mathbb{S}^{1}$




$F_{A_{\lambda}}=0$ $\Psi_{\lambda}^{-1}d\Psi_{\lambda}=\alpha_{\lambda}$ $\Psi_{\lambda}$ $\Psi_{\lambda}$




(involution) $\sigma=$ Ad$(diag(1, -1)$ ) $\Lambda SU_{2\sigma}$ $SU_{2}$ loop




extended frame $\Psi_{\lambda}$ $\Psi_{\lambda}$
$d\Psi_{\lambda}=\Psi_{\lambda}\alpha_{\lambda}$ $\alpha_{\lambda}=U_{\lambda}dz+V_{\lambda}d\overline{z}$ $\Psi_{\lambda}$
$\frac{\partial}{\partial z}\Psi_{\lambda}=\Psi_{\lambda}U_{\lambda}, \frac{\partial}{\partial\overline{z}}\Psi_{\lambda}=\Psi_{\lambda}V_{\lambda},$
$\psi_{\lambda}:=\Psi_{\lambda=1}\cdot U_{1}$ Lax $\psi_{\lambda}$
$\mathbb{E}^{3}$ $H\neq 0$ Hopf $Qdz^{2}$
$U_{\lambda}=(\begin{array}{ll}u_{z}/4 -\lambda^{-1}He^{u/2}/2\lambda^{-1}Qe^{-u/2} -u_{z}/4\end{array}), V_{\lambda}=(\lambda HQe^{u/2}/2-u_{\overline{z}}/4 -\lambda\overline{Q}e^{-u/2}u_{\overline{z}}/4)$
extended frame (DPW )
(Dorfmeister-Pedit-Wu[27]).
(1) $SU_{2}$ twisted loop algebra $\Lambda \mathfrak{s}u_{2\sigma}$ , $\Lambda SU_{2\sigma}$ $*$3 $\mathbb{D}$ 1
$\xi=\sum_{j=-1}^{\infty}\xi_{j}(z)\lambda^{j}dz,$
: $\xi_{j}(z)$ $z$ $\xi_{2j}$ $\xi_{2j+1}$
$\xi$
(2) $dC=C\xi$
(3) twisted loop group (Riemann-Hilbert ) $C=\Psi_{\lambda}V+$
$\Psi_{\lambda}$ extended frame
2.4 ( (DPW)) twisted loop group $\Lambda SL_{2}\mathbb{C}$
$\Lambda SL_{2}\mathbb{C}_{\sigma}=\Lambda SU_{2,\sigma}\cdot\Lambda_{*}^{+}SL_{2}\mathbb{C}_{\sigma}$
$\Lambda_{*}^{+}SL_{2}\mathbb{C}_{\sigma}=\{\gamma(\lambda)=I+\sum_{j>0}\gamma_{j}\lambda^{j}\in\Lambda SL_{2}\mathbb{C}_{\sigma}\}.$








W. Thurston [78] 3 8 :
$\bullet$ 6 : (space forms) $\mathbb{S}^{3},$ $\mathbb{E}^{3},$ $\mathbb{H}^{3}$ .
. 4 : $\mathbb{S}^{2}\cross \mathbb{R},$ $\mathbb{H}^{2}\cross \mathbb{R},$. 4 : : $Ni1_{3}$ $\overline{SL}_{2}\mathbb{R},$
$\bullet$ 3 : $So1_{3}.$
8 $So1_{3}$ (naturally reductive homo-
geneous space) 3 Tricerri Vanhecke[79]
Bianchi Cartan
$So1_{3}$ $\mathbb{H}^{3}$ 6 2
(Vranceanu/Tzitzeica ). Bianchi-Cartan-Vranceanu family
([5] ).
3.2
3 $M$ 1 $\eta$ $d\eta\wedge\eta\neq 0$




$\phi^{2}=-I+\eta\otimes\xi, g(\phi X, \phi Y)=g(X, Y)-\eta(X)\eta(Y)$ ,
$g(X, \phi Y)=d\eta(X, Y)$ .
3 $M$ $(\phi, \xi, g)$ $(M, \eta, \xi, \phi, g)$ 3
3 $M$ $(\phi, \xi, \eta, g)$
$\phi^{2}=-I+\eta\otimes\xi, \eta(\xi)=1,$




$(M, \phi,\xi,\eta,g)$ 3 (almost contact Riemannian 3-
manifold) $\nabla$ $g$ Levi-Civita
3 $(M^{3}, g)$ $(M, \phi, \xi, \eta, g)$
$(\phi, \xi, \eta)$
3.13 $(M, \phi, \xi, \eta, g)$ :
$\bullet$ $g(X, \phi Y)=d\eta(X, Y)$. $\nabla\xi$ $\phi$ (normal almost contact Riemannian
$3-manifo1d^{*5})$ .
$\bullet$ (Sasakian manifold) $*6.$
3.13 $(M, \phi, \xi, \eta, g)$
. $\Leftrightarrow(\nabla_{X}\phi)Y=\alpha(g(X, Y)\xi-\eta(Y)X)+\beta(g(\phi X, Y)\xi-\eta(Y)\phi X)$ . $(\alpha, \beta )$ .. $\Leftrightarrow$ $\alpha=1,$ $\beta=0\Leftrightarrow\nabla\xi=-\phi.$
$\bullet$ cosymplectic $\Leftrightarrow\nabla\phi=0.$
$\bullet$ (Kenmotsu manifold) $\Leftrightarrow$ $\alpha=0,$ $\beta=1$ ([55]).
Thurston
$\bullet$ $E^{3},$ $\mathbb{S}^{2}\cross \mathbb{R}.$ $\mathbb{H}^{2}\cross \mathbb{R}$ cosymplectic
$\bullet$
$\mathbb{S}^{3},$ $Ni1_{3}.\overline{SL}_{2}\mathbb{R}$. $\mathbb{H}^{3}$. $So1_{3}$ $CR$. $So1_{3}$
$\mathcal{H}(X)$ $:=K(X\wedge\phi X)$ $($ $X\perp\xi)$
(Sasakian space form) 3
( [5] ).
. $\mathcal{H}>1$ $SU_{2}$ (Berger ).
$\bullet \mathcal{H}=1$ $\mathbb{S}^{3}.$
$\bullet$ $-3<\mathcal{H}<1$ $SU_{2}$. $\mathcal{H}=-3$ Heisenberg $Ni1_{3}.$
$\bullet$ $\mathcal{H}<-3$ $\overline{SL}_{2}\mathbb{R}$
$*5$ Blair [6] Olszak [70]
$*6$ [8]
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$\xi$ $\xi$ 1 $\eta$ $\eta$
$\mathbb{S}^{3}$
$\xi$
$\xi$ 1 $\mathbb{S}^{1}$ $\mathbb{S}^{3}$ $\mathbb{S}^{3}/\xi$
2 $\mathbb{S}^{2}$ $\pi$ : $\mathbb{S}^{3}arrow \mathbb{S}^{2}$ $\mathbb{S}^{2}$
(Boothby-Wang ). Hopf
Hopf Ad
Ad: $SU_{2}\cross\epsilon u_{2}arrow \mathfrak{s}u_{2}$ ; Ad $(a)X=aXa^{-1}$




Thurston $SL_{2}\mathbb{R}$ $G=SL_{2}\mathbb{R}$ $G=NAK$









$g=(\begin{array}{ll}1 x0 1\end{array}) (\sqrt{y}0 1/\sqrt{y}0)(\begin{array}{ll}cos\theta sin\theta-sin\theta cos\theta\end{array})$
$SL_{2}\mathbb{R}$ $SL_{2}=\mathbb{R}(x)\cross \mathbb{R}^{+}(y)\cross \mathbb{S}^{1}(\theta)$
$\frac{dx^{2}+dy^{2}}{4y^{2}}+(d\theta+\frac{dx}{y})^{2}$
$SL_{2}\mathbb{R}\cross SO_{2}/SO_{2}$
4.2 : $rightarrow Hopf$ $rightarrow$
$SL_{2}\mathbb{R}$ $\eta$
$- \eta:=d\theta+\frac{dx}{y}$
$SL_{2}\mathbb{R}$ $\mathcal{H}=-7$ $\xi$ 1
$SL_{2}\mathbb{R}/\xi$ $\mathbb{H}^{2}=SL_{2}\mathbb{R}/SO_{2}$ Hopf $S^{3}arrow \mathbb{S}^{2}$
$\mathbb{S}^{3}=SU_{2}$ Hopf (Boothby-Wang ) $SU_{2}arrow SU_{2}/U_{1}$














$AdS_{3}$ $\langle$ . Killing $\epsilon \mathfrak{l}_{2}\mathbb{R}$
$\mathbb{E}^{1,2}$
4.4 Hopf fibrations, revisited




$H=\kappa/2$ ( $\kappa$ $\gamma$ ) $\Sigma_{\gamma}$ $\gamma$ Hopf
$\pi$ : $AdS_{3}arrow \mathbb{H}^{2}(-4)$ $\gamma\subset \mathbb{H}^{2}(-4)$ $\pi^{-1}\{\gamma\}$ $*$ 8
$H=\kappa/2$ $H$ Hopf $\mathbb{H}^{2}(-4)$ (
) $*$ 9.
4.1 $\gamma\subset \mathbb{H}^{2}(-4)$ Hopf. $\kappa=0$ Hopf Magid[68] minimal complex circle
( $\mathbb{S}^{3}$ Clifford torus ).
$\bullet$ $0<\kappa^{2}<4$ Hopf $y=\pm\sqrt{1-4\kappa^{2}}/(2\kappa)x$ Hopf. $\kappa^{2}=4$ (horocycle) Hopf $y=$ const Hopf. $\kappa^{2}>4$ Hopf
[59]. Hopf
$SO_{2}$ Gorodski[32]
$SL_{2}\mathbb{R}/SO_{1,1}=\mathbb{S}^{1,1}(4)$ 2 de Sitter $\mathbb{S}^{1,1}(4)$
causal character Hopf
$\gamma\subset \mathbb{S}^{1,1}(4)$ Hopf $\gamma$






$*9$ fundamenta12-form $g(\cdot, \phi)$
[23,33].
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4.1 $\mathbb{S}^{1,1}(4)$ $\gamma$ $\pi^{-1}\{\gamma\}\subset AdS_{3}$
Hopf $SL_{2}/(Ni1_{1}\mathbb{Z}_{2})=\Lambda+$ $\Lambda+$ $\mathbb{E}^{1,2}=\epsilon \mathfrak{l}_{2}\mathbb{R}$
(future lightcone)
4.2 ([35]) $\gamma\subset\Lambda_{\dagger}$ $\pm 1$ . Hopf
Hopf $\mathbb{S}^{3}(1)$ (shape operator
)
$*$ 10. Hopf 1
$\mathbb{H}^{3}(-1)$ (horosphere) Dajczer [20] B-scroll
4.1 (Dajczer- ) $f$ : $\mathbb{E}^{1,1}arrow AdS_{3}$ $0$ (
) $f$ $B$-scroll
Espinar Rosenberg[28] Bianchi-Cartan-Vranceanu family
preprint (arXiv: 0903. $2439v1$ )




Hopf Ad- $2\cross 2$
$\{1, i,j’, k’\}$ :
$\mathfrak{g}\mathfrak{l}_{2}\mathbb{R}=\{X=X_{0}1+X_{1}i+X_{2}j’+X_{3}k’\}, X=(\begin{array}{ll}X_{0}+X_{3} X_{1}+X_{2}-X_{l}+X_{2} X_{0}-X_{3}\end{array}).$
$\mathfrak{g}\mathfrak{l}_{2}\mathbb{R}$ (split-quaternion, para-quaternion) (Clifford ) $H’$
$\langle X, X\rangle=-\det X$
$\mathfrak{g}t_{2}\mathbb{R}$ $(-, -, +, +)$






4.1 ( ) $\{X, Y\}$ $\epsilon(_{2}\mathbb{R} f(x, y)=e^{xX}e^{yY}$
$f$ : $\mathbb{R}^{2}arrow AdS_{3}$ $H=0$
Ad-orbits $\mathcal{O}_{c}:=\{X\in\epsilon \mathfrak{l}_{2}\mathbb{R}|\det X=c\}$
4. $3$ $SL_{2}\mathbb{R}$ Ad-orbits. $\mathcal{O}_{c}=\mathbb{S}^{1,1}(-c)=SL_{2}\mathbb{R}/SO_{1,1}$ for $c<0,$
$\bullet$ $\mathcal{O}_{c}^{\pm}:=\{X\in \mathcal{O}_{c}|\pm X_{1}>0\}=\mathbb{H}^{2}(-c)$ for $c>0,$. $\mathcal{O}_{0}=A_{+}\cup\{0\}\cup A_{-}.$
$\mathbb{S}^{3}$ Hopf Ad $SL_{2}\mathbb{R}$ $SL_{2}\mathbb{R}$ $\mathbb{S}^{3}$
5 $AdS_{3}$
5.1 $\mathbb{S}^{3}$

















. (Bianchi- -Spivak ) $(0,0)$ $f$ :
$\mathbb{D}arrow \mathbb{S}^{3}$
$f(x, y)=f(x, 0)f(0,0)^{-1}f(0, y)$
$\bullet$
$\mathbb{S}^{2}=$ Ad$(SU_{2})i$ $\mathbb{S}^{2}$
$U\mathbb{S}^{2}=\{(X, Y)\in \mathbb{S}^{2}\cross \mathbb{S}^{2}|\langle X, Y\rangle=0\}\subset\epsilon u_{2}\cross \mathfrak{s}u_{2}$
$\bullet\pi:\mathbb{S}^{3}=SU_{2}arrow U\mathbb{S}^{2}$
$\pi(g)=($Ad$(g)i$ , Ad$(g)j)$




$f(x, y)$ $:=a_{1}(x)a_{2}(y)^{-1}\ovalbox{\tt\small REJECT} f\mathbb{S}^{3}$ flat surface.
$c_{1},$ $c_{2}$ periodic admissible pair $f$
$\mathbb{S}^{3}$ [58]
$AdS_{3}$
Leon-Guzman, Mira, Pastor [66]
$AdS_{3}$ $\mathbb{S}^{3}$ $B$-scroll $\mathbb{H}^{3}$
$AdS_{3}$ $\mathbb{H}^{3}$ ( )
5.1 ( (I-Ionel-Lee)) $F=(F_{1}, F_{2})$ : $D\subset \mathbb{E}^{1,1}arrow SL_{2}\mathbb{R}\cross$
$SL_{2}\mathbb{R}$
$F_{1}^{-1}dF_{1}=(\begin{array}{ll}0 1u(x) 0\end{array})dx, F_{2}^{-1}dF_{2}=(\begin{array}{ll}0 1v(y) 0\end{array})dy$
$f(x, y)=F_{1}(x)F_{2}(y)^{-1}$
$\langle df, df\rangle=u(x)^{2}dx^{2}+v(y)dy^{2}+(u(x)v(y)-1)dxdy$
$\det\langle df,$ $df\rangle\neq 0$ $f$
$F_{1}(x),$ $F_{2}(y)$
$\det(F^{-1}dF)=0$
holomorphic null curve (lightlike curve) ([41]).
$\mathbb{H}^{3}$
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5.1 Musso-Nicolodi[69] $AdS_{3}$ holomorphic null curve EDS( )
$\int(m+k_{\gamma})ds$
EDS( )
$AdS_{3}$ 1 $\mathbb{H}^{3}$ 1
([41] ). $AdS_{3}$ $\mathbb{H}^{3}$
6 $AdS_{3}$
$f$ : $Marrow AdS_{3}$ $H=0$ ( /maximal surface)
$f$ : $Marrow AdS_{3}$ $n$ $(M, f)$
Hopf
$I=\langle df, df\rangle=e^{u}dzd\overline{z}, I=\langle df, dn\rangle, Q=-\langle f_{zz},n\rangle, H=-2e^{u}(f_{z\overline{z}}, n\rangle.$
$K$ I
$K$ $K$ ( ).





6.1 $f:Marrow AdS_{3}$ $n$ $g;=f^{-1}n$ : $Marrow$





$SL_{2}\mathbb{R}$ $-1/2$ , $1/\sqrt{8}$





$(x_{1}, x_{2}, x_{3})\cdot(xi, x_{2}’, x_{3}’)=(x_{1}+x_{1}’, x_{2}+x_{2}’, x_{3}+x_{3}’+2\tau(x_{1}x_{2}’-x_{1}’x_{2}))$
(Heisenberg ),
$ds_{\tau}^{2} :=dx_{1}^{2}+dx_{2}^{2}+\eta_{\tau}\otimes\eta_{\tau}, \eta_{\tau}:=dx_{3}+\tau(x_{2}dx_{1}-x_{1}dx_{2})$
( $\tau$ $0$ ). $\tau=1$ $(\eta_{1}, ds_{1}^{2})$ Ni13
$\mathcal{H}=-3$ $\tau=1/2$




$f:Marrow Ni1_{3}$ $\alpha=f^{-1}df$ $\alpha’=(\phi_{1}e_{1}+\phi_{1}e_{2}+\phi_{3}e_{3})dz$ $\phi_{3}=$
$f^{*}\eta_{1/2}(\partial_{z})$
$\phi_{1}=(\overline{\psi}_{2})^{2}-\psi_{1}^{2}, \phi_{2}=i\{(\overline{\psi}_{2})^{2}+\psi_{1}^{2}\}, \phi_{3}=2\psi_{1}\overline{\psi}_{2}.$
$(\psi 1 \sqrt{dz}, \psi_{2}\sqrt{d\overline{z}})$ $I=\langle df,$ $df\rangle=e^{u}dzd\overline{z},$ $h:=e^{u/2}\eta_{1/2}(n)$
Dirac
$D(\begin{array}{l}\psi_{1}\psi_{2}\end{array})=0$ with $D=(\begin{array}{ll}0 \partial_{z}-\partial_{\overline{z}} 0\end{array})+(\begin{array}{ll}\mathcal{U} 00 \mathcal{V}\end{array}),$ $\mathcal{U}=\mathcal{V}=-\frac{H}{2}e^{u/2}+\frac{i}{4}h.$
Dirac Lax $\Psi_{z}=\Psi U,$ $\Psi_{\overline{z}}=\Psi V$
$U= (w_{z}/4+H_{z}\exp(-wB\exp(-w/2)2+u/2)/2 \exp(w/2)-w_{z}/4)$ ,
$V= (\exp(w/2)-w_{\overline{z}}/4 w_{\overline{z}}/4+H_{\overline{z}}\exp(-w/2+u/2)/2\overline{B}\exp(-w/2))$ ,
$B= \frac{1}{4}(2H+i)(A+\frac{\phi_{3}^{2}}{2H+i}), Adz^{2}=II^{(2,0)}.$
Lax
$U_{\lambda}:= (w_{z}/4+H_{z}\exp(-w/2+u/2)/2\lambda^{-1}B\exp(-w/2) -\lambda^{-1}\exp(w/2)-w_{z}/4)$ ,
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$V_{\lambda}:= (\lambda\exp(w/2)-w_{\overline{z}}/4 w_{\overline{z}}/4+^{-\lambda\overline{B}\exp(-w/2)}H_{\overline{z}}\exp(-w/2+u/2)/2)$ .
7.1( ) 3. $f$ CMC
$\bullet$ $\alpha_{\lambda}=U_{\lambda}dz+V_{\lambda}d\overline{z}$ $\lambda\in \mathbb{C}^{\cross}$
$d\alpha_{\lambda}+[\alpha_{\lambda}\wedge\alpha_{\lambda}]/2=0.$. Ad(F)diag$(i, -i)$ : $\mathbb{D}arrow GL_{2}\mathbb{C}/GL_{1}\mathbb{C}$
7.1( ) 3
$\bullet$ $f$
$\bullet\alpha\lambda=U\lambda$dz $+V\lambda$ $\lambda\in \mathbb{S}^{1}$ $d\alpha_{\lambda}+[\alpha_{\lambda}\wedge\alpha_{\lambda}]/2=0$
$\alpha_{\lambda}\in\epsilon u_{1,1}.$. Ad(F)diag $(i, -i):\mathbb{D}arrow SU_{1,1}/U_{1}=\mathbb{H}^{2}$
$f:Marrow Ni1_{3}$ $g:=f^{-1}n:Marrow \mathbb{S}^{2}\subset ni\mathfrak{l}_{3}=\mathbb{E}^{3}$
$p:\mathbb{S}^{2}arrow\overline{\mathbb{C}}$
$g$ $g$ $f$ x3
$|g|\neq 1$ $|g|<1($ $|g|>1)$
$f$ $g$
Ad $(SU_{1,1})$diag$(i, -i)$ $g$ Ad$(F)$diag $(i, -i)$
7.2 (Dorfmeister- $I$- ) $Ni1_{3}$. Lie $\mathfrak{s}u_{1,1}$ $ni\mathfrak{l}_{3}$. $\Psi_{\lambda}$ $\mathbb{H}^{2}=SU_{1,1}/U_{1}$ extended frame
$m_{\lambda}$ $:=-i \lambda\partial_{\lambda}\Psi_{\lambda}\cdot\Psi_{\lambda}^{-1}-\frac{1}{2}$ Ad$(\Psi_{\lambda})$diag$(i, -i)$ .
.
$\tilde{m}_{\lambda}$ $:=$ (off diagonal part of $m_{\lambda}$ ) $- \frac{i}{2}\lambda$ (diagonal part of $\partial_{\lambda}m_{\lambda}$ )
$f_{\lambda}=\exp\tilde{m}_{\lambda}$ $Ni1_{3}$




$C(z=0, \lambda)=$ diag $(1/\sqrt{i}, \sqrt{i})$
$f(z,\overline{z};\lambda)=(\lambda^{-1}z+\lambda\overline{z}, i(\lambda\overline{z}+\lambda^{-1}z), 0)$
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(horizontal plane). horizontal umbrella
$x_{3}=ax_{1}+bx_{2}+c$
horizontal plane horizontal umbrella
7.2
$\xi=-\lambda^{-1}(\begin{array}{ll}0 ii 0\end{array})dz/4$
$C(z=0, \lambda)=$ diag $(1/\sqrt{i}, \sqrt{i})$














$*$ 12. $\mathbb{H}^{3}$ $G\’{o} es-Sim\tilde{o}es$
$So1_{3}$
$\mathbb{H}^{3}$
$(\mu_{1}, \mu_{2})\in \mathbb{R}^{2}$ $\mathbb{R}^{3}(x_{1}, x_{2}, x_{3})$
$(x_{1}, x_{2}, x_{3})\cdot(x_{1}’, x_{2}’, x_{3}’)=(x_{1}+e^{\mu_{1}x_{3}}x_{1}’, x_{2}+e^{\mu_{2}x2}x_{2}’, x_{3}+x_{3}’)$ .
$*12$ So13 $\mathbb{S}^{3},$ $\mathbb{H}^{3}$




[79]. $G(\mu_{1}, \mu_{2})$ $:=(\mathbb{R}^{3}, ds_{\mu,\mu_{2}}^{2_{1}})$
$\{(\begin{array}{llll}1 0 0 x_{3}0 e^{\mu_{1}x_{3}} 0 x_{1}0 0 e^{\mu_{2}x_{3}} x_{2}0 0 0 1\end{array}) x_{1}, x_{2}, x_{3}\in \mathbb{R}\}$
$(\mu_{1}, \mu_{2})\neq(0,0)$
$\{(\begin{array}{lll}e^{\mu_{1}x_{3}} 0 x_{1}0 e^{\mu_{2}x_{3}} x_{2}0 0 1\end{array}) x_{1}, x_{2}, x_{3}\in \mathbb{R}\}$
$G(\mu_{1}, \mu_{2})$
8.1 ( ) $G(O, 0)$ $\mathbb{E}^{3}=(\mathbb{R}^{3}, +)$
8.2 ( ) $\mu_{1}=\mu_{2}=c\neq 0$ $G(c, c)$ $\mathbb{H}^{3}(-c^{2})$ warped product model:
$\mathbb{H}^{3}(-c^{2})=(\mathbb{R}^{3}(x_{1}, x_{2}, x_{3}), e^{-2cx_{3}}\{dx_{1}^{2}+dx_{2}^{2}\}+dx_{3}^{2})$ .
$c=\pm 1$ $\eta:=dx_{3}$ $\mathbb{H}^{3}(-1)$
8.3 ( $\mathbb{H}^{2}(-c^{2})\cross \mathbb{E}^{1}$ ) $(\mu_{1}, \mu_{2})=(0, c)$ , $c\neq 0$ $G(O, c)$
$\mathbb{E}^{1}(x^{1})$
$\mathbb{H}^{2}(-c^{2})=(\mathbb{R}^{2}(x_{2}, x_{3}), e^{-2cx_{3}}dx_{2}^{2}+dx_{3}^{2})$
8.4 (Solvmanifold) Thurston $So1_{3}$ $G(1, -1)$
$G(1, -1)$ $(u, v)$ $\mathbb{E}^{1,1}=(\mathbb{R}^{2}(u, v), dudv)$
$E(1,1):=\{(\begin{array}{lll}e^{x_{3}} 0 x_{1}0 e^{-x_{3}} x_{2}0 0 1\end{array}) x_{1}, x_{2}, x_{3}\in \mathbb{R}\}$
$So1_{3}$ $So1_{3}$ $So1_{3}=G(1, -1)$
$\eta:=-\frac{1}{2}(e^{-x_{3}}dx_{1}+e^{x_{3}}dx_{2}) , g:=\frac{1}{4}ds_{1,-1}^{2}$
$(G(1, -1), \eta, g)$ $So1_{3}$ $\mathbb{H}^{4}$ type number 2
$( B-$manifold, $[76])$ . Kowalski $So1_{3}$ 3
[61].
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[60] $G$ (c, c) $E^{3}$ Weierstrai3-Enneper
$\mathbb{H}^{3}(-c^{2})$ ( [56] ).
G\’oes $Sim\tilde{o}es[31]$ [60] 3
( ) ([31] 3 4
).
$G(\mu_{1}, \mu_{2})$ $f$ : $Marrow G(\mu_{1}, \mu_{2})$
$g$ $p$ : $\mathbb{S}^{2}\subset \mathfrak{g}(\mu_{1}, \mu_{2})arrow \mathbb{C}$ $g$
$g$
8.1 ([34]) $F$ $g$ $\mathbb{D}\subset \mathbb{C}$ $\overline{\mathbb{C}}$
(8.1) $\frac{\partial F}{\partial\overline{z}}=\frac{1}{2}|F|^{2}g\{\mu_{1}(1-\overline{g}^{2})-\mu_{2}(1+\overline{g}^{2})\},$
(8.2) $\frac{\partial g}{\partial\overline{z}}=-\frac{1}{4}\{\mu_{1}(1+g^{2})(1-\overline{g}^{2})+\mu_{2}(1-g^{2})(1+\overline{g}^{2})\}\overline{F}$
(8.3) $f(z, \overline{z})=2\int_{z0}^{z}{\rm Re}(e^{\mu_{1}x_{3}}\frac{1}{2}F(1-g^{2}), e^{\mu_{2}x_{3}}\frac{\sqrt{-1}}{2}F(1+g^{2}), Fg)dz$
$G(\mu_{1}, \mu_{2})$




8.2 ([40]) (8.4) $\overline{\mathbb{C}}(w,\overline{w})$ ( )
$\mu_{1}^{2}=\mu_{2}^{2}$
(1) $\mu_{1}=\mu_{2}\neq 0$ (8.4)
(8.5) $\frac{\partial^{2}g}{\partial z\partial\overline{z}}+\frac{2|g|^{2}\overline{g}}{1-|g|^{4}}\frac{\partial g}{\partial z}\frac{\partial g}{\partial\overline{z}}=0$
(dwdw) $/|1-|w|^{4}|$
(2) $\mu_{1}$ $=$ - $\mu$2 $\neq$ 0 (8.4)




8.1 $g:\mathfrak{D}arrow(\overline{\mathbb{C}}(w,\overline{w}), (dwd\overline{w})/|w^{2}-\overline{w}^{2}|)$ $F$
$F= \frac{2\overline{g}_{z}}{g^{2}-\overline{g}^{2}}$








3 Van der Veken [52, 53].
9
3 Reeb flow( )
Legendre 3
(constant slope curve) ([64, 75]).
9.1 (Bertrand-Lancret-de Saint Venant) 3 $\mathbb{E}^{3}$





$\gamma$ $0,$ $\pi$ $\gamma$ $\pm\xi$ (Reeb flow)
$\theta=\pm\pi/2$ Legendre ([3]). $\gamma$ slant curve
[15]. B. Y. Chen slant
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3 slant curve 2
9.1 ( ) 3 $\phi$
$\nabla_{\gamma’}\gamma’=\phi\gamma’$
$\gamma$ contact magnetic flow contact magnetic flow slant helix
$(\tau-1)/\kappa=\cot\theta$
(Cabrerizo, Fern\’andez, G\’omez [11]).




9.2 ( ) $\mathcal{H}$ 3 $M^{3}(\mathcal{H})$ ( )
(biharmonic curve) slant helix
$\kappa^{2}+\tau^{2}=1+(\mathcal{H}-1)\sin^{2}\theta$
3 [16]
9.1 ( ) $f$ : $(M, g)arrow(N, h)$ (bi-
energy)
$E_{2}(f)= \int\frac{1}{2}|\tau(f)|^{2}dv_{g}$
$f$ (biharmonic map) $f$
$f$ (normal variation)
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